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S u p e r c r i t i c a l  Flow P a s t  a Symmetrical B i c i r c u l a r  A r c  A i r f o i l  

A b s t r a c t  

L i  and H o l t  (1981) developed a numerical  scheme f o r  

computing s t e a d y  s u p e r c r i t i c a l  flow about  symmetrical  a i r -  

f o i l s  and a p p l i e d  i t  t o  an e l l i p s e  f o r  zero ang le  of  a t t a c k .  

I n  t h i s  s tudy ,  an a l g o r i t h m i c  d e s c r i p t i o n  of t h i s  new scheme 

i s  p resen ted .  Appl ica t ion  t o  a symmetrical b i c i r c u l a r  arc 

a i r f o i l  i s  a l so  proposed. 

I n  L i  and Holt's scheme, bo th  T e l e n i n ' s  Method and t h e  

Method of Lines  are used. The f l o w  f i e l d  b e f o r e  t h e  shock 

is r eg ion  1. For t r a n s o n i c  flow, s i n g u l a r i t y  can be avoided 

by i n t e g r a t i n g  t h e  r e s u l t i n g  o rd ina ry  d i f f e r e n t i a l  equa t ions  

away from t h e  body. Region 2 c o n t a i n s  t h e  shock which w i l l  

be l o c a t e d  by shock f i t t i n g  techniques .  T h e  shock d i v i d e s  

reg ion  2 i n t o  supersonic  and subsonic  reg ions  and t h e r e  i s  

no s i n g u l a r i t y  problem i n  t h i s  case. The Method of Lines  

i s  used i n  t h i s  r eg ion  and it i s  advantageous t o  i n t e g r a t e  

t h e  r e s u l t i n g  o r d i n a r y  d i f f e r e n t i a l  equa t ion  a long  t h e  body 

for shock f i t t i n g .  

7 

- 

Coaxial  coord ina te s  have t o  be used f o r  t h e  b i c i r c u l a r  

arc a i r f o i l  so t h a t  boundary va lues  on t h e  a i r f o i l  body can 

be taken wi th  one d i r e c t i o n  o f  t h e  c o a x i a l  coord ina te s  f i x e d .  

To avoid  t a k i n g  boundary va lues  a t  f m  i n  t h e  c o a x i a l  co- 

o r d i n a r y  system, approximate a n a l y t i c a l  r e p r e s e n t a t i o n  of 

t h e  f l o w  f i e l d  n e a r  t h e  t i p s  of t h e  a i r f o i l  i s  proposed. 
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1. I n t r o d u c t i o n  

The major problem i n  t r a n s o n i c  f l o w  c a l c u l a t i o n s  i s  t h e  

n o n l i n e a r i t y  i n  t h e  governing equa t ions  and it causes  the  

p a r t i a l  d i f f e r e n t i a l  equa t ions  t o  change type  wi th in  t h e  

s o l u t i o n  domain, from e l l i p t i c  i n  t h e  subsonic  region t o  

hyperbolic i n  t h e  supersonic  reg ion .  

s o n i c  reg ion  ends w i t h  a shock, which causes  an a d d i t i o n a l  

problem of handl ing  t h e  shock wave. 

The  embedded super- 

There are t w o  major c a t e g o r i e s  o f  f i n i t e  d i f f e r e n c e  

techniques  developed t o  s o l v e  the  t r a n s o n i c  f l o w  problem. 

One s o l v e s  t h e  t r a n s o n i c  small d i s tu rbance  equa t ions  and t h e  

other s o l v e s  t h e  f u l l  p o t e n t i a l  equat ions .  

I n  t h e  f i rs t  ca tegory ,  Murman and Cole ( 1 9 7 1 )  deveioped 

t h e  f irst  e f f i c i e n t  success ive  l i n e  o v e r r e l a x a t i o n  (SLOR) 

method f o r  t h e  t r a n s o n i c  small d i s tu rbance  equa t ions .  They 

used a mixed f i n i t e  d i f f e r e n c e  system. The use  o f  e l l i p t i c  

o r  hype rbo l i c  d i f f e r e n c e  formulas depends on whether t h e  

flow f i e l d  i s  subsonic  o r  supersonic .  Shock c a p t u r i n g  w a s  

used t o  locate t h e  shock. Krupp and Murman ( 1 9 7 2 )  extended 

t h e  method t o  l i f t i n g  a i r f o i l s  and s l e n d e r  bodies .  La te r  

Bal lhaus,  Jameson and A l b e r t  (1978) developed an i m p l i c i t  

approximate f a c t o r i z a t i o n  algorithm fo r  the  s o l u t i o n  of  

s t eady  t r a n s o n i c  s m a l l  d i s tu rbance  equa t ions  and found it 

t o  have a b e t t e r  rate o f  convergence than  t h e  SLOR algori thm. 

I n  t h e  second ca tegory  S t e g e r  and Lomax ( 1 9 7 2 )  t r e a t e d  

the  t r a n s o n i c  l i f t i n g  a i r f o i l s  by s o l v i n g  t h e  f u l l  p o t e n t i a l  

equa t ions  us ing  SLOR. Jameson ( 1 9 7 4 )  improved i t  by i n t r o -  

ducing a r o t a t e d  d i f f e r e n c i n g  scheme i n  which t h e  d i r e c t i o n  
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of upwind d i f f e r e n c i n g  i s  r o t a t e d  t o  conform w i t h  t h e  l o c a l  

flow d i r e c t i o n .  The most r e c e n t  work i n  t h i s  category 

known t o  t h i s  a u t h o r  w a s  done by Holst  and Bal lhaus ,  who 

so lved  t h e  f u l l  p o t e n t i a l  equa t ions  i n  conse rva t ion  form 

t o  ensu re  conse rva t ive  shock cap tu r ing .  They l a t e r  used 

an a r b i t r a r y  mesh f o r  t h e  method and ob ta ined  good r e s u l t s .  

I n t e r p o l a t i o n  ( semi -ana ly t i ca l )  t echniques  t h a t  have 

been used  i n  t h i s  problem inc lude  t h e  Method of I n t e g r a l  

Re la t ions ,  T e l e n i n ' s  Method and t h e  Method of Lines.  

However, the scheme developed by L i  and Holt  is  t h e  f i r s t  

one t h a t  can be g e n e r a l l y  a p p l i e d  t o  symmetrical  a i r f o i l s  

and y e t  i s  able t o  l o c a t e  t h e  shock completely.  

I n  t h e  L i  and H o l t  scheme, the  s teady  two-dimensional 

f u l l  p o t e n t i a l  e q u a t i o n s  are so lved  by both  T e l e n i n ' s  

Method and t h e  Method o f  Lines.  A doub le t  s o l u t i o n  f o r  

flow p a s t  a closed body i s  used a s  t h e  f a r  f i e l d  boundary 

c o n d i t i o n .  The s t r e n g t h  of t h e  doub le t  i s  a func t ion  of  

bo th  t h e  p r o f i l e  o f  t h e  a i r f o i l  and the  f l o w  f i e l d .  There- 

fore,  it i s  an unknown and i t e r a t i o n s  on t h e  s t r e n g t h  of 

the  doub le t  have t o  be done t o  o b t a i n  t h e  correct boundary 
- 

va lues  on t h e  a i r f o i l .  Jump cond i t ions  o f  t h e  governing 

e q u a t i o n s  are a p p l i e d  across the  shock wave so  t h a t  i t  i s  

p e r f e c t l y  sharp .  Correct shock l o c a t i o n  i s  ob ta ined  by 

i t e r a t i o n s  and checks wi th  t h e  boundary c o n d i t i o n s  down- 

stream of  t h e  shock. The i t e r a t i o n s  mentioned above are 

t w o  p o i n t  boundary va lue  problems and can be done e f f i c i e n t l y  

by P o w e l l ' s  method. 
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A n a l y t i c a l  r e p r e s e n t a t i o n  of t h e  f l o w  f i e l d  n e a r  t h e  

t i p s  of t h e  a i r f o i l  can be approximated by t h e  subsonic  

small d i s t u r b a n c e  f l o w .  A n a l y t i c a l  r e p r e s e n t a t i o n ,  as 

desc r ibed  above, i s  r equ i r ed  f o r  t h e  b i c i r c u l a r  arc a i r f o i l  

because one o f  t h e  coord ina te s  i n  t h e  c o a x i a l  system approaches 

i n f i n i t y  a t  t h e  t w o  ends of  t h e  a i r f o i l .  These w i l l  be 

f u r t h e r  e l a b o r a t e d  upon i n  s e c t i o n  3.1. 
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2.  Formulation o f  t h e  Problem 

I n  t h i s  s t u d y ,  a two-dimensional uniform flow past  a 

symmetr ical  b i c i r c u l a r  arc a i r f o i l  a t  ze ro  a n g l e  o f  a t tack  

i s  cons idered .  

maximum t h i c k n e s s  s e c t i o n  i s  as shown i n  Fig.  1. 

assumed t h a t  t h e  flow i s  both  i r r o t a t i o n a l  and i s e n t r o p i c .  

In  f a c t ,  i t  w a s  shown by L i  and Holt (1981) t h a t  f o r  t h i n  

a i r f o i l s  w i t h  subsonic  free streams, t h e  shock wave s t r e n g t h  

i s  s u f f i c i e n t l y  s m a l l  and en t ropy  changes can be neg lec t ed .  

The embedded supe r son ic  r eg ion  n e a r  t h e  

I t  i s  

2 . 1  Coaxia l  c o o r d i n a t e s  

Before proceeding f u r t h e r  i n t o  formula t ion ,  t h e  c o a x i a l  

c o o r d i n a t e s  system used i n  t h i s  s tudy  should  be in t roduced .  

I t  w i l l  be easier  to  understand t h e  c o a x i a l  coord ina te s  

system by r e f e r r i n g  t o  Fig.  2 .  I n  Milne-Thomson ( 1 9 6 8 1 ,  

i t  i s  d e f i n e d  as 

5 and q, t h e  c o a x i a l  coord ina te s  are de f ined  as 

2 c  i s  t h e  chord  l e n g t h  of t h e  a i r f o i l .  When 5 = c o n s t a n t ,  

Eq. ( 2 . 2 )  i s  a c i rc le  whose c e n t e r  i s  t h e  p o i n t  ( 0 ,  c c o t  5 )  

w i t h  r a d i u s  c cosec 5 .  When rl = c o n s t a n t ,  Eq. ( 2 . 2 )  i s  a 

c i rc le  whose c e n t e r  i s  t h e  p o i n t  (c  c o t h  n ,  0 )  w i t h  r a d i u s  

c cosech q. The metric c o e f f i c i e n t  h i s  c a l c u l a t e d  t o  be 



5. 

u and v are v e l o c i t i e s  i n  5 and rl d i r e c t i o n s ,  r e s p e c t i v e l y .  

2.2 Equat ions of motion 

Con t inu i ty  

a a - (hpu) + (hpv) = 0 a5 

I r 1-0 t a t  i o n a l  i t y  

(hu)  = 0 , a a 
a <  aq 
- (hv)  - - 

B e r n o u l l i ' s  equa t ion  

2 (2.6) H +%q2  = Ho - - 4qmax 

( 2 . 4 )  

H i s  t h e  en tha lpy  p e r  u n i t  mass, q i s  t h e  flow speed,  and 

qmax t h e  maximum s t e a d y  expansion speed. 

By assuming p e r f e c t  gas wi th  c o n s t a n t  s p e c i f i c  hea t  

g ives  

YP 
(Y-1) P 

H =  
, 

and i s e n t r o p i c  f l o w  w h i c h  f u r t h e r  gives 

P OC P Y  

I t  follows t h a t  

Therefore ,  Eq. ( 2 . 6 )  can be w r i t t e n  as 

(2.10) 
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I f  we expres s  a l l  v a r i a b l e s  i n  dimensionless  form by d i v i d i n g  

d i s t a n c e s  by c, v e l o c i t i e s  by qmaxl and t h e  d e n s i t y  by t h e  

s t a g n a n t  d e n s i t y  pot r e t a i n i n g  t h e  same symbols for  t h e  non- 

dimensional  v a r i a t i o n s ,  Eqs. 

1 
2 3  

p = ( 1 - u 2 - v  ) 

I (2.11) 

( 2 . 1 2 )  

(2.13) 

Equat ions ( 2 . 1 1 ) ,  ( 2 . 1 2 )  and ( 2 . 1 3 )  are t h e  t h r e e  equa t ions  

of motion w i t h  t h e  three v a r i a b l e s  u ,v  and p .  
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3 .  Numerical Methods 

Te len in '  s Method a s  a p p l i e d  t o  two-dimensional problems 

uses  smooth i n t e r p o l a t i n g  polynomials t o  r e p r e s e n t  t h e  

unknowns i n  one of the  independent v a r i a b l e s .  The governing 

p a r t i a l  d i f f e r e n t i a l  equa t ions  a r e  so lved  i n  t h e i r  o r i g i n a l  

form, and t h u s  w e  avoid  the  a l g e b r a  r equ i r ed  i n  t h e  Method 

of I n t e g r a l  Rela t ions .  The symmetry c o n d i t i o n s  of t h e  p r e s e n t  

problem sugges t  t h e  use of  Four i e r  series of t h e  form 

where N i s  t h e  number of rays .  I n  t h e  p r e s e n t  problem, t h e  

l e f t  most and r i g h t  m o s t  r ays  do n o t  f a l l  on rl =-a and 

rl =+a due t o  t h e  s p e c i a l  handl ing  o f  boundary c o n d i t i o n s  a t  

t h e s e  t w o  reg ions .  On j t h  r a y  

The m a t r i x  {cos ( i - l )n  . I  can be i n v e r t e d  to  o b t a i n  a i ,  
3 :  

N 
a = C A .  .u I i =1, ..., N , 
i j=1 11 j 

( 3 . 4 )  

-1 
where ( A i j  1 = {cos ( j - l ) q i )  

From Eq. (3.1), 

. 

S u b s t i t u t i n g  Eq. ( 3 . 4 )  i n t o  ( 3 . 5 )  y i e l d s  
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Equation (3 .6 )  can a l so  be w r i t t e n  as 

S i m i l a r l y ,  

where 
N 

G = C B i j  ( i - 1 ) c o s  ( i - l ) q g  
2 1  i=l 

and 

Equat ions (3 .7)  and (3 .8)  are used as i n t e r p o l a t i o n s  of  u and 

v i n  t h e  q d i r e c t i o n ;  t h e r e f o r e ,  t he  r e s u l t i n g  o rd ina ry  d i f -  

f e r e n t i a l  equa t ions  can be i n t e g r a t e d  i n  t h e  5 , d i r e c t i o n .  

The Method o f  Lines i s  very s i m i l a r .  I n s t e a d  o f  i n t e r p o l a t i n g  

polynomials ,  t h e  q d e r i v a t i v e s  a r e  approximated by three-  

p o i n t  o r  f i v e - p o i n t  f i n i t e  d i f f e r e n c e  schemes. 
3 U  a V  
a t  a t  W e  can o b t a i n  t h e  express ions  f o r  - and - from Eqs. 

(2.11), ( 2 . 1 2 )  and (2 .13 ) .  From Eq. ( 2 . 1 2 )  

a v + v - -  ah a u + u -  ah . 
a n  - h -  a t  a v  h -  ac  

Therefore  , 

av 1 ah ah 
- =  a t  ~ [ h E + u - -  a n  z' 

But 
ah 2 - ah = - h  2 s i n  5 

a t  - = - h  s i n h  q , a n  

and g ives  

uh s i n h  q + vh s i n  t . av au 
at aq 
- = - -  

(3.10) 

(3 .11 )  

( 3 . 1 2 )  

(3.13) 
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S i m i l a r l y ,  from Eqs. ( 2 . 1 1 )  and (2 .13 ) ,  

au P 
a 6  Q 
- = -  

where 

p = ~ U V  - au - uh s i n h  n +vh  s i n  5 
a q  

a V  + (r-1) (1-u 2 2  -v ) [uh  s i n < + v h  s i n h  11 - -1 
a n  

a u + v -  av 
a n  ' + 2 v u -  

arl 

(3.15) 

(3.15a) 

(3.15b) 

Therefore ,  t h e  s i n g u l a r  e l l i p s e  i s  ob ta ined  from Q = 0 ,  o r  
n L 2 U v + - -  - 1  , 

q*2 
where 

(3.16) 

(3.17) 

A l l  p o i n t s  on t h e  e l l i p s e  l i e  o u t s i d e  t h e  s o n i c  c i rc le ,  

e x c e p t  f o r  v = 0 ,  u = q . Therefore ,  i t  i s  appa ren t  tha t  f o r  

t h e  s u p e r c r i t i c a l  flow a s  i n  t h e  p r e s e n t  problem, no 

* 

s i n g u l a r i t y  w i l l  be encountered when i n t e g r a t i n g  i n  t h e  

< d i r e c t i o n ,  o r  away from t h e  body. Therefore, for  region 1 

(see Fig .  4 ) ,  w e  must i n t e g r a t e  the  r e s u l t i n g  ODE'S from 

t h e  body. 

The expres s ions  f o r  - au and - aV can be s i m i l a r l y  ob ta ined  
a q  a n  

when w e  i n t e r p o l a t e  i n  t h e  5 d i r e c t i o n  and i n t e g r a t e  i n  t h e  

n d i r e c t i o n .  

and subsonic  reg ions  are sepa ra t ed  by t h e  shock. 

This i s  a p p l i e d  t o  reg ion  2 where supersonic  

I n  t h i s  

case, the s i n g u l a r  e l l i p s e  i s  
n L 2 V u + - =  * 3  1 (3.18) 
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I .  Any c r i t i c a l  o r  s u p e r c r i t i c a l  f l o w  has  a p o i n t  on t h e  body 

wi th  u = O  and v = q  , which i s  a p o i n t  on t h e  e l l i p s e  given 

by (3 .18 ) .  That shows t h a t  i n t e g r a t i o n  i n  t h e  rl d i r e c t i o n  

i n  reg ion  1 always l e a d s  t o  a t  l ea s t  one s i n g u l a r i t y  a t  

s o n i c  p o i n t s  on o r  n e a r  t h e  body. 

* 

3.1  Boundary c o n d i t i o n s  

For t h e  s o l u t i o n  r ep resen ted  by E q s .  ( 2 . 1 1 )  , ( 2 . 1 2 )  

and ( 2 . 1 3 ) ,  w e  need t h e  boundary va lues  f o r  u and v on t h e  

body and a t  q = -03. But t o  f i t  t h e  shock, w e  a lso need t h e  

boundary c o n d i t i o n s  a t  q = + a ,  so t h a t  i t e r a t i o n s  can correct 

t h e  p o s i t i o n  of t h e  shock by checking wi th  va lues  of u and 

v a t  q = + m .  

On t h e  body, t h e  normal v e l o c i t y  i s  zero, o r  

u = O  f o r < = t O  (3.19) 

S ince  t h e  t a n g e n t i a l  component v i s  n o t  known, t h e  f a r  f i e l d  

boundary c o n d i t i o n s  are needed. Murman and Cole ( 1 9 7 1 )  

de r ived  an  a n a l y t i c a l  s o f u t i o n  f o r  t h e  f a r  f i e l d  by us ing  

t h e  t r a n s o n i c  small-distGrbance equat ion  

wi th  t h e  v a r i a b l e s  and parameters  de f ined  by 

2 2/3 = 61i3y , K = (1 -Xm)/6 

(3.20) 

(3.21) 

The f a r  f i e l d  they ob ta ined  i s  t h a t  o f  t h e  usua l  double t  

f o r  a c losed  body 



+ ... D X 
@ ( X f $ )  - 

2nK' ( x 2  + K y 2 )  

where t h e  doub le t  s t r e n g t h  i s  

11. 

(3.22) I 

2 1 

-1 -W 

D = 2 F ( x ) d x + + ( Y + l )  11 ( q i ( x , y ) )  dxdy . (3.23) 

The p e r t u r b a t i o n  v e l o c i t i e s  

I -  9, - 4)x f 9; = 4)y * (3.24) 

Therefore  

(3.25) xy 

(x  +Ky ) 

4 - D (-X2 + K y 2 )  - DK 
2 -2 2 - 2  2 f 9; - - -  IT q; - I 

2.rrK' ( x2  +Ky ) 

w i t h  

9 
, # = 6q;+ ... - -  2/ 3 

"00 W 

qx - 1 +6 q; +... (3.26) 

The f l o w  v e l o c i t i e s  expressed i n  t h e  5 and q d i r e c t i o n s  

are given by 

-1 [ 
d u = (he )  = s i n h  q s i n  5 9, 

(3.28) 1 - 
s i n  5 s i n h  q qyl 

The coord ina te  rl  goes t o  +a a t  t h e  t w o  ends of the  

a i r f o i l ,  b u t  remains f i n i t e  except  a t  a small d i s t a n c e  

very close t o  t h e  t i p s .  A n a l y t i c a l  r e p r e s e n t a t i o n  of the  

flow f i e l d  i n  these  t w o  r eg ions  has t o  be found so t h a t  
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boundary c o n d i t i o n s  can be taken a t  f i n i t e  va lues  of 0 .  

Figure  3 shows t h e  v e l o c i t y  d i s t r i b u t i o n  on t h e  e l l i p s e  

wi th  t h i c k n e s s  r a t i o  6 = 0 . 4  for M, = 0 . 6 5  ( L i  and Holt 1 9 8 1 ) .  

The v e l o c i t y  d i s t r i b u t i o n  nea r  t he  t w o  ends appears  t o  be 

symmetrical .  Moreoverf t h e  v e l o c i t y  i n  t h i s  reg ion  is of  

Mach number less than  0 . 8 .  Therefore ,  subsonic  l i n e a r i z e d  

p o t e n t i a l  equa t ion  (Shapiro 1 9 5 3 )  can be a p p l i e d  and used 

as boundary cond i t ions .  The b a s i c  equat ion  i s  

I t  can a l so  be w r i t t e n  as 

where 

I f  w e  r e p r e s e n t  t h e  a i r f o i l  p r o f i l e  as 

y = 6 f ( x ' )  f -C < x'< C 

-\/1 -M2 J1 -MZ m 

and t h e  p o t e n t i a l  as  

@ = ux' +8@1 f 

( 3 . 2 9 )  

( 3 . 3 0 )  

( 3 . 3 1 )  

( 3 . 3 2 )  

( 3 . 3 3 )  

where 8 i s  t h e  th i ckness  r a t i o  of t h e  a i r f o i l ,  then the 

subsonic  v e l o c i t y  d i s t r i b u t i o n  i s  known when @1 i s  

determined. 

W e  can use p lane  source  wi th  s t r e n g t h  r ( x )  so a s  t o  

s a t i s f y  t h e  boundary c o n d i t i o n s  o f  t h e  subsonic  small- 
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I .  d i s tu rbance  flow. Hence 

where 

On t h e  s u r f a c e  of  t h e  t h i n  a i r f o i l  

( 3 . 3 4 )  

( 3 . 3 5 )  

( 3 . 3 6 )  

2 and - a' about  y = 0 ,  s u b s t i t u t i n g  them i n t o  I f  w e  expand 

( 3 . 3 6 )  and compare t h e  f irst  o r d e r  ( i n  6) t e r m s ,  w e  g e t  
a Y  ax' 

( x '  ,O) = Umf' ( X I )  . - a %  
3 Y  

( 3 . 3 7 )  

6 - X '  

Y 
From Eqs. ( 3 . 3 4 )  and ( 3 . 3 7 1 ,  and l e t t i n g  t =- 

( 3 . 3 8 )  

Y 

L e t t i n g  y + 0, 

CO 

d t  
l+t 

1 
F ( x ' + y t )  '-2 

-00 

Therefore ,  w e  f i n a l l y  o b t a i n  

and $1 can thus  be determined. 

( 3 . 3 9 )  

( 3 . 4 0 )  

( 3 . 4 1 )  

( 3 . 4 2 )  
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are then used as boundary c o n d i t i o n s  f o r  t h e  reg ion  where 

11 goes t o  f-. 

3.2 Jump c o n d i t i o n s  

The shock wave on t h e  downstream s i d e  o f  t h e  supersonic  

f l o w  o v e r  t h e  maximum th i ckness  reg ion  of t h e  body i s  handled 

by s h o c k - f i t t i n g  i n  t h e  p r e s e n t  problem. The shock wave i s  

modelled by a jump d i s c o n t i n u i t y  i n  t h e  s o l u t i o n  and t h e  

jump c o n d i t i o n s  are s a t i s f i e d  e x a c t l y  so t h a t  t h e  shock 

wave is  p e r f e c t l y  sharp .  I n s t e a d  o f  t h e  usua l  Rankine- 

Hugoniot r e l a t i o n s ,  the jump cond i t ions  can be  de r ived  from 

t h e  e q u a t i o n s  of  motion i n  t h e  p r e s e n t  problem. 

t h e  two-dimensional f o r m  o f  t h e  divergence theorem t o  

Eqs. (2.4) and (-2.51, w e  g e t  

Applying 

(3.43) 

(3.44) 

where < > denote  a jump i n  t h e  q u a n t i t y  across t h e  shock and 

s u b s c r i p t  s denotes  an element i n  the shock s u r f a c e .  Equa- 

t i o n s  (3.43) and (3.44) can a l so  be w r i t t e n  as  

< p u h > q i  - <pvh> = 0 (3.45) 

and 

<vh>qL + <uh> = 0 , (3.46) 

where 

(3.47) drl = (-Is t h e  shock wave angle  . 
The metric c o e f f i c i e n t  h i s  cont inuous and has  t h e  same 
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value  on both  sides o f  t h e  shock s u r f a c e  and can be dropped 

from E q s .  (3.45) and (3.46). Hence t h e  f i n a l  form of t h e  

jump c o n d i t i o n s  i s  

<pu>rl; -<pv>  = o  , (3.47) 

<v>rl' + < u >  = 0 (3.48) S 

3.3 Implementation of  t h e  numerical  scheme 

T e l e n i n ' s  Method and t h e  Method of  Lines  as  a p p l i e d  t o  

e l l i p t i c  p a r t i a l  d i f f e r e n t i a l  equa t ions  solve a D i r i c h l e t  

problem as a Cauchy problem. I t  i s  i n h e r e n t l y  uns t ab le  w i t h  

respect t o  t h e  p r e s c r i b e d  da ta .  This phenomenon i s  known 

a s  Hadamard i n s t a b i l i t y .  Jones,  South and Klunker (1972) 

encountered Hadamard i n s t a b i l i t y  i n  apply ing  t h e  Method of 

Lines  and found growth i n  error p r o p o r t i o n a l  t o  exp(NE), 

where N i s  t h e  number o f  rays  and 6 t h e  d i r e c t i o n  of 

i n t e g r a t i o n .  To have s u f f i c i e n t  number o f  r a y s  t o  repre-  

s e n t  t h e  v a r i a b l e s  n e a r  t h e  body, w e  a r e  t h u s  r e s t r i c t e d  

i n  the  d i r e c t i o n  of i n t ey ra t ion ,  5 .  Following L i  and 

H o l t  (1981), t h e  p r e s e n t  problem can be so lved  i n  two stages 

t o  overcome t h e  d i f f i c u l t y .  I n  t he  f irst  s t a g e ,  a very 

coarse r e p r e s e n t a t i o n  of t h e  v a r i a b l e s  i s  used, which 

enab le s  us t o  i n t e g r a t e  t h e  equa t ions  away from t h e  body 

t o  the  f a r  f i e l d  wi thou t  i n s t a b i l i t y  problems. W e  w i l l  

o b t a i n  a s u p e r c r i t i c a l  shock free flow, which i s  uns tab le  

and n o t  l i k e l y  t o  occur  i n  p r a c t i c a l  s i t u a t i o n s .  The coa r se  

s o l u t i o n  provides  a f a i r l y  good r e p r e s e n t a t i o n  o f  t h e  f l o w  
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f i e l d  away f r o m  t h e  body where t h e  flow i s  smooth. The 

coarse s o l u t i o n  a t  an in t e rmed ia t e  va lue  o f  5 ,  say  t i ,  

is used as t h e  o u t e r  boundary cond i t ion .  Therefore ,  a 

l a r g e r  number o f  r a y s  can be used f o r  t h e  r e f i n e d  s o l u t i o n  

n e a r  the body. W e  have t o  choose Si so as t o  avoid having 

r a y s  of  c o n s t a n t  €, w i t h  va lues  close t o  Si t o  pass  through 

t h e  s o n i c  l i n e  t h a t  w i l l  cause d i f f i c u l t y  when i n t e g r a t e  

through t h i s  l i n e .  The t w o  reg ions  of i n t e g r a t i o n  are 

shown i n  Fig.  4 .  

An a l g o r i t h m i c  d e s c r i p t i o n  of t h e  numerical  scheme 

proposed f o r  t h e  p r e s e n t  problem i s  p resen ted  as fol lows.  

F i r s t ,  w e  need t o  

(a )  o b t a i n  t h e  s imultaneous o rd ina ry  d i f f e r e n t i a l  equa- 

t i o n s  (Eqs. (3.131, ( 3 . 1 5 ) )  by i n t e r p o l a t i n g  t h e  

v a r i a b l e s  i n  one d i r e c t i o n .  

(b )  estimate t h e  t a n g e n t i a l  v e l o c i t y  on t h e  s u r f a c e  o f  

t h e  a i r f o i l .  

( c )  o b t a i n  an a n a l y t i c a l  r e p r e s e n t a t i o n  of t h e  flow f i e l d  

n e a r  q =?a as boundary c o n d i t i o n s .  

(d) estimate t h e  doub le t  s t r e n g t h  D f o r  t h e  f a r  f i e l d  

doublet  s o l u t i o n  (Eq. ( 3 . 2 2 )  ) . 
The computat ional  procedures  are then  

1. i n t e g r a t e  t h e  ode's w i t h  l a r g e  s t e p s  i n  5 and rl. 

U s e  T e l e n i n ' s  Method fo r  t h e  coarse s o l u t i o n  t o  

o b t a i n  a coarse s o l u t i o n .  I n t e g r a t i o n  i n  t h e  second 

quadrant  on ly  i s  r equ i r ed  as t h e  shock f r e e  f l o w  i s  

symmetrical .  
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3 .  

4 .  

5. 

6. 

7 .  

8 .  

9. 

10. 

i n t e g r a t e  i n  6 d i r e c t i o n  and compare w i t h  t h e  f a r  

f i e l d  doub le t  s o l u t i o n .  

correct t h e  estimates f o r  t a n g e n t i a l  v e l o c i t i e s  and 

r e p e a t  u n t i l  t h e  d i f f e r e n c e  between t h e  f a r  f i e l d  

s o l u t i o n s  f a l l s  w i th in  t o l e r a n c e .  I t  can be done 

e f f e c t i v e l y  wi th  P o w e l l ' s  Method which w i l l  be 

b r i e f l y  exp la ined  i n  s e c t i o n  3.3a. 

r e c a l c u l a t e  D wi th  t h e  r e s u l t s  ob ta ined  i n  2 (a )  

and r e p e a t  2 and 2 ( a )  u n t i l  va lues  of D converge. 

t h e  coarse s o l u t i o n  hence obta ined  a t  si is  used as 

boundary cond i t ions  f o r  t h e  r e f i n e d  s o l u t i o n .  

d i v i d e  t h e  flow f i e l d  i n t o  t w o  reg ions  (F ig .  4 )  and 

r e f i n e  t h e  mesh. 

r e p e a t  t h e  procedure 2 f o r  t h e  r e f i n e d  s o l u t i o n  i n  

r eg ion  1. 

For reg ion  2, t h e  ode's are i n t e g r a t e d  i n  t h e  rl 

d i r e c t i o n .  

estimate t h e  l o c a t i o n  of  t h e  shock. The shock wave 

is normal on the surface. The jump conditions ((3.47), 

( 3 . 4 8 ) )  are f u l l y  specified when t h e  shock l o c a t i o n  i s  

known. 

i n t e g r a t e  i n  t h e  rl d i r e c t i o n ,  apply jump cond i t ions  

across t h e  shock. Check wi th  t h e  downstream boundary 

cond i t ions .  

correct t h e  shock l o c a t i o n  wi th  P o w e l l ' s  Method. 

L a s t l y ,  r e c a l c u l a t e  doublet s t r e n g t h  D w i th  t h e  solu-  

t i o n  ob ta ined  and r e p e a t  t h e  whole procedure.  The 

- 
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whole computat ion is complete  when v a l u e s  o f  D a t  

s u c c e s s i v e  i t e r a t i o n s  a g r e e  t o  w i t h i n  t h e  p r e s c r i b e d  

t o l e r a n c e .  

The numer i ca l  scheme i s  b r i e f l y  summarized by t h e  flow 

c h a r t  i n  F ig .  5. 

3.3a P o w e l l ’ s  Method 

P o w e l l ’ s  Method i s  e s s e n t i a l l y  tha t  of least  s q u a r e s  

minimiza t ion .  A c o n c i s e  d e s c r i p t i o n  of P o w e l l ’ s  method can 

be found i n  s e c t i o n  6 .9  of Numerical Methods i n  F l u i d  

Dynamics by H o l t  [1984].- T h i s  method i s  best e x p l a i n e d  

by example. 

I n  the  p rocedure  2 of t h e  numer ica l  p rocedure ,  the 

d i f f e r e n c e  between the  t w o  f a r  f i e l d  s o l u t i o n s  ci  depends 

on t h e  i n i t i a l  guess  of t h e  t a n g e n t i a l  v e l o c i t y ,  V 

Then t h e  method minimizes 
j* 

(3 .49)  N 2  c E i  
i=l 

2 

a c c o r d i n g  t o  the d i r e c t i o n  S”v g i v e n  by 

w i t h  respect t o  V1,V2,. . . ,VN. 

changes t o  V 

Cci i s  minimized by making 

j 

aEk i = 1 , 2 , . . . , N  
N N a E k  ack, N 

C { C  - -,svj = - ‘k k = l  
(3.50) 

j 
avi av j=1  k = l  

N e w  v a l u e s  of f are g iven  by 

-b , -+ ’ = ‘old (3.51) 

i n  which X is  chosen such t h a t  ZE; is minimized a l o n g  t h e  

d i r e c t i o n  63. The r e q u i r e d  h can be chosen by e v a l u a t i n g  

E a t  d i f f e r e n t  v a l u e s  o f  A .  i 
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4 .  Conclus ion  

The a p p l i c a t i o n  of t h e  composi te  numer i ca l  scheme 
, 
I 
I 

developed  by L i  and H o l t  (1981) t o  a b i c i r c u l a r  arc  a i r -  

f o i l  i s  proposed .  As c o a x i a l  c o o r d i n a t e s  have t o  be  used ,  

a n a l y t i c a l  r e p r e s e n t a t i o n  o f  the f low f i e l d  n e a r  the t w o  

t i p s  of the a i r f o i l  i s  r e q u i r e d  as boundary c o n d i t i o n s .  

T h e  a n a l y t i c a l  r e p r e s e n t a t i o n  can  be e a s i l y  c o n s t r u c t e d  

by assuming a,  s u b s o n i c  s m a l l - d i s t u r b a n c e  f l o w  at t h e  t w o  

ends  o f  t h e  a i r f o i l .  An algorithmic d e s c r i p t i o n  of the 

numer ica l  scheme i s  a l s o  p r e s e n t e d .  
__ - --- -- _ _  

February 1989 
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Fig .  l ( a )  Uns tab le  S u p e r c r i t i c a l  Shock F r e e  F l o w  F i e l d .  
Upper Half  Plane.  
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Fig .  l ( b )  T y p i c a l  S u p e r c r i t i c a l  Flow F i e l d .  Upper 
Half  Plane.  



Fig .  2 The c o n s t r u c t i o n  o f  c o a x i a l  coord ina te s ,  n = L n ( r z / r l )  , 
5 ,  = o l  - e 2 .  The ha l f -p l ane  w i t h  nega t ive  y is used. 

\ 

I 

/ 

Y 



' .  
I .  

0 

0 
N 

0 * 

0 
Io 

0 
03 

0 
0 
r-t 

0 
N 
d 

0 
w 
rl 

0 
Io 
rl 

0 co 
r-t 

-r m N rl 0 . Io In 

0 0 0 0 0 0 

c m 

3 
0 
rl 

c -4 
0 4  
-4 u 

X 



0 
3 

x u 
0 c 

rl 

c 
0 
-4 m 
Q) 
k 



- t o  i n i t i a t e  wi th  
boundary c o n d i t i o n s  
and doub le t  s t r e n g t h  Di 
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t o  compute r e f i n e d  s o l u t i o n  
i n t e g r a t e  ODE's i n  5 d i r e c t i o n  f o r  region 1 
i t e r a t e  f o r  c o r r e c t  V i ' s  on s u r f a c e  wi th  Powe l l ' s  method 
i n t e g r a t e  ODE's i n  d i r e c t i o n  f o r  reg ion  2 
apply jump c o n d i t i o n s  a c r o s s  t h e  shock 
shock l o c a t i o n  i s  a d j u s t e d  w i t h  Powe l l ' s  method and 

zhecked wi th  t h e  downstream BC's 

t o  compute coarse  s o l u t i o n  
i n t e g r a t e  ODE's i n  5 d i r e c t i o n  
i t e r a t e  f o r  c o r r e c t  V i ' s  on s u r f a c e  wi th  Powel l ' s  method 
r e c a l c u l a t e  D and r e p e a t  u n t i l  it converges t o  D. 

r 

I I r e c a l c u l a t e  D I 

t 
. 

Fig.  5 Flow c h a r t  of t h e  numerical  scheme 


